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1. INTRODUCTION 
In 1938, Yosida [8] proved the following mean ergodic theorem for linear 
operators: Let E be a real Banach space and T be a linear operator of E into 
itself such that there exists a constant C with 11 T” )I < C for n = 1,2,3,..., and 
T is weakly completely continuous, i.e., T maps the closed unit ball of E into 
a weakly compact subset of E. Then, the Cesko means 
converge strongly as n + +a, to a fixed point of T for each x E E. 
On the other hand, in 1975, Baillon [ 1 ] proved the following nonlinear 
ergodic theorem: let C be a closed convex subset of a real Hilbert space H 
and T be a mapping of C into itself such that ]I TX - Ty 11 < /Ix - y 11 for x, 
y E C and {Tnx : n = 1,2,...} is bounded for each x E C. Then, the CesPro 
means S,x converge weakly as IZ -+ +co to a fixed point of T for each x E C. 
Recently, Rode [5] and Takahashi [7] tried to extend this nonlinear 
ergodic theorem to semigroups of mappings. Especially, Rode found a 
sequence of means on the semigroup, generalizing the Cesaro means on 
N = (1,2,...}, such that the corresponding sequence of mappings converges 
to a projection onto the set of common fixed points. 
In this paper, by using Rode’s method, we extend Yosida’s theorem to 
semigroups of linear operators in Banach spaces. The proofs employ the 
methods of Greenleaf [3], Rode [5], Takahashi [6], and Yosida [8]. 
2. PRELIMINARIES AND LEMMAS 
Let E be a real Banach space and let E* be the conjugate space of E, that 
is, the space of all continuous linear functionals on E. The value of x* E E* 
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at x E E will be denoted by (x,x*). Let D be a subset of E. We denote by 
COD the convex hull of D, SD the closure of COD. 
Let U be a linear continuous operator of & into itself. Then, we denote by 
U* the conjugate operator of U. 
Assumption (A). {r, : t E G} is a family of linear continuous operators 
of a real Banach space E into itself such that there exists a real number C 
with II7’Jl Q C for all t E G and the weak closure of {7’,x : t E G} is weakly 
compact, for each x E E. The index set G is a topological semigroup such 
that T,, = T, - Tt for all s, t E G and T is continuous with respect to the 
weak operator topology: (TSx, x*) -+ (Ttx, x*) for all x E E and x* E E* if 
s + t in G. 
We denote by m(G) the Banach space of all bounded continuous real 
valued functions on the topological semigroup G with the supremum norm. 
For each s E G andfE m(G), we define elements l,f and r,f in m(G) given 
by l,f(t) =f(st) and r,f(t) =f(ts) for all t E G. An element ~1 E m(G)* (the 
conjugate space of m(G)) is called a mean on G if Ilpll =p(l) = 1. A mean p 
on G is called left (right) invariant if p(l,f) =,udf) (u(r,f) =,~(f)) for all 
fE m(G) and s E G. An invariant mean is a left and right invariant mean. 
We know that ,u E m(G)* is a mean on G if and only if 
inf{f(t) : t E G} <p(f) < sup{f(t) : t E G} 
for every fE m(G); see [2,3]. 
Let { TI : t E G} be a family of linear continuous operators of E into itself 
satisfying the assumption (A) and ,U be a mean on G. Fix x E E. Then, for 
x* E E*, the real valued function t + (Trx, x*) is in m(G). Denote by 
,u,(Ttx, x*) the value of ,u at this function. By linearity of p and of (e, a), this 
is linear in x*; moreover, since 
I,@“,x, x*)1 < 11~11 . “7~ IP’tx, x*>l 
< SOP II Ttxll - lb* II 
<c * llxll * IIx*ll~ 
it is continuous in x*. Hence we have that p,(T,x, - ) is an element of E* *. 
So, from weak compactness of Co{ T,x : t E G), we can find an element T,x 
in the set cO{T,x : t E G} such that ,ut(Ttx,x*) = (Twx,x*) for every 
x* E E*. 
In fact, let K = Co{ T,x : t E G} and suppose that the element pu,(T,x, .) is 
not contained in the n(K), where n is the natural embedding of the Banach 
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space E into its second conjugate space E* *. Then, since the convex set 
n(K) is compact in the weak* topology of E* *, there exists an element 
y* E E* such that 
,q(T,x,y*) < inf{(y*, z**) : z** E n(K)}. 
Hence, we have that 
,q(T,x,y*) < inf{(y*,z**) : z** E n(K)} 
< inf{(T,x,y*) : t E G} 
<Pu,(T,XYY”). 
This is a contradiction. Thus, for a mean ~1 on G, we can define a linear 
continuous operator T, of E into itself such that 11 T,, II< C, T,x E Co{ T,x : 
t E G} for all x E E, and pl(T,x, x*) = (T@x, x*) for all x E E and x* E E*. 
We denote by F(G) the set of all common fixed points of the mappings T,, 
tE G. 
LEMMA 1. Assume that a left invariant mean ,u exists on G. Then 
T,(E) c F(G). Especially, F(G) is then not empty. 
Proof. Let x E E and ,U be a left invariant mean on G. Then since, for 
s E G and x* E E*, 
(TST,x, x*) = (T‘,x, T:‘x*) 
= p,(T,x, T,*x*) = ~cr,(T, Ttx, x*> 
=,L@,+, x*> =~,(Ttx, x*> 
= (T,,x, x*), 
we have T, T,,x = T,x. Hence, T,(E) c F(G). 
LEMMA 2. Let 1 be an invariant mean on G. Then, T, T, = T, T, = T, 
for each s E G and TA T,, = T,, Tl = TA for each mean p on G. Especially, TA 
is a projection of E onto F(G). 
Proof: Let s E G. Then, since 
(TA TSx, x*) = k,(T, TSx, x*) = I,(T,,x, x*> 
= &(T,x, x*) = (T,x, x*) 
390 KID0 AND TAKAHASHI 
for x E E and x* E E*, we have TA T, = T,. It is obvious from Lemma 1 
that T, T, = T, for each s E G. Let ~1 be a mean on G. Then, since 
(T,T,x,x*)=~u,(TtT,x,x*) =&‘-*x,x*) 
= (T2x, x*) 
and 
(T, Tflx, x*) = (T@x, T,*x*) =,at(Ttx, T,*x*) 
= ,q(T, Ttx, x*> = ,u,(T,x, x*> 
= (Tnx, x*) 
for x E E and x* E E*, we have T,, T2 = T, T, = T, . Putting fi = A, we have 
Ti = TJ and hence T, is a projection of E onto F(G). 
As a direct consequence of Lemma 2, we have 
LEMMA 3. Let p and 1 be invariant means on G. Then T, = TAI 
LEMMA 4. Assume that an invariant mean exists on G. Then, for each 
x E E, the set Co{ T,x : t E G} n F(G) consists of a single point. 
Pro05 Let x E E and p be an invariant mean on G. Then, we know that 
T,x E F(G) and T,x E Co{ T,x : t E G}. So, we show that Co{ T,x : t E G} n 
F(G) = (T,x}. Let x,, ECC{T,x : t E G} n F(G) and E > 0. Then, for 
x* E E*, there exists an element Cr=r aiTIix in the set co{ T,x : t E G} such 
that E > C . J/x* 11 - 11 Cy= r CQ Tlix -x0 11. Hence, we have 
i aiT~T~iX-Xo * llxXll 
i=l 
i aiTtTtiX-xo,X* 
i=l 
= $ atPt(Tttix-xo,x*) 1 
= b,P’tx -x09 x*>l 
= I(T,x -x0, x*)1. 
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Since E is arbitrary, we have (Tux,x*) = (x,, x*) for every x* EE* and 
hence T,, x = x,, . 
3. ERGODIC THEOREMS 
Now, we can prove mean ergodic theorems for semigroups of linear 
continuous operators in Banach spaces. 
THEOREM 1. Let {T, : t E G} be a family of linear continuous operators 
in a real Banach space E satisfying the assumption (A). If a net {,u” : a E I} 
of means on G is asymptotically invariant, i.e., 
pa - rfpa and p” - 1,*/l” 
converge to 0 in the weak* topology of m(G)* for each s E G, then there 
exists a projection Q of E onto F(G) such that 1) Qll< C, T,,,x converge 
weakly to Qx for each x E E, QT, = T,Q = Q for each t E G, and Qx E 
co{T,x:tEG}foreachxEE. 
Furthermore, the projection Q onto F(G) is the same for all asymptotically 
invariant nets. 
Proof: Let ,u be a cluster point of the net {,u” : a E I} in the weak* 
topology of m(G)*. Then p is an invariant mean on G. Hence, by Lemma 2, 
T, is a projection of E onto F(G) such that )I T, I/ < C, T,, T, = T, T,, = T, for 
each tEG and T,xE&S{T,x:tEG} for each xEE. Setting Q=T,, we 
show that TW-x converge weakly to Qx for each x E E. Since T,,,x E 
co { T,x : t E G} for all a E Z and co { T,x : t E G) is weakly compact, there 
exists a subnet { TWnx :/I E J} of {T@*x : a E I} such that TLlox converge 
weakly to an element x0 E Co{ T,x : t E G}. To show that TW,x converge 
weakly to Qx, it is sufftcient o show x0 = Qx. Let x* E E* and s E G. Since 
TVDx+ x,, weakly, we have pf(T,x, x*) -+ (x,, x*) and ,uf(T,x, T,*x*) + 
(x0, T,*x*) = (TSxO, x*). 
On the other hand, since ,D’ - lT,u4 -+ 0 in the weak* topology, we have 
iuf(Ttx, x*> - C@lu;(T,x, x*> 
=iu!(Ttx, x*> -&T,,x, x*> 
=~;(Ttw*) -&T,x, T:x*> 
Hence, we have (x,,, x*) = (T,x,, , x*) and hence x,, E F(G). So, we obtain 
Qx = T,x = x,, from Lemma 4. That the projection Q is the same for all 
asymptotically invariant nets is obvious from Lemma 3. 
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As a direct consequence of Theorem 1, we have 
COROLLARY 1. Let { Tt : t E G} be as in Theorem 1 and assume that an 
invariant mean exists on G. Then, there exists a projection Q of E onto F(G) 
such that )I Qll< C, QTl = T1 Q = Qf oreachtEGandQxE65{T,x:tEG} 
for each x E E. 
THEOREM 2. Let {T,:tEG} beasin Theorem l.Ifanet{,u”“:aEI}of 
means on G is asymptotically invariant andfurther ,a” - r:,ua converge to 0 
in the strong topology of m(G)*, then there exists a projection Q of E onto 
F(G) such that I( Qll< C, T,,, x converge strongly to Qx for each x E E, 
QTt=TtQ=Qf oreach tEG,andQxEZZY{T,x:tEG}foreachxEE. 
Proof. As in the proof of Theorem 1, let Q = T,, where p is a cluster 
point of the net {,u” : a E I} in the weak* topology of m(G)*. We show that 
T,,,x converge strongly to Qx for each x E E. 
LetE,=Z{y-TT,y:yEE,tEG}. Then,for anyzEE,, T,,zconverge 
strongly to 0. In fact, if z = y - T, y, then since, for any y * E E*, 
t(T,pz,~*)l= I&V”,(Y - T,Y),Y*)~ 
= IPW,Y,Y*) -PXT,,Y,Y*I 
= IolP - C%W’ty9y*)l 
< IIP - C%“II a syp I(T,Y,Y*I 
~llP-~s*rUalI . C. IIYII. IIY*II, 
we have 11 TflazII < C . Il,P - rzp”ll . )I y 11. Using this inequality, we show 
that T,,,z converge strongly to 0 for any z E E,. Let z be any element of 
E, and E be any positive number. By the definition of E,, there exists 
an element Cy=i a,( yr - TS, y,) in the set co{ y - T, y : y E E, s E G} such 
that E > 2C . II z - Cy=, a,( yi - TS, yi)ll . On the other hand, from 
11,~ - rj)Pll+ 0 for all s E G, there exists a0 E I such that, for all a > a0 
and i = 1, 2 ,..., n, 
This yields 
E > IIP - $P II . 2C II Yi II e 
IIT pz \ II < /( TNeZ - Tpa ( $I ah’i - TqYil) [ 1 
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+ i ai II TtidYi - TsjYi)ll 
i=l 
<c* 
I/ 
z - 2 ai(Yi - TsiYi) 
i=l /I 
+ syP lIPa - r$“” II * c * II Yi II 
<fi+. 
Hence, T,,,z converge strongly to 0 for each z E E,. 
Next, assume that x - T, x for some x E E is not contained in the set E, . 
Then, by the Hahn-Banach theorem, there exists a linear continuous 
functional y * such that (x - T, x, y *) = 1 and (z, y *) = 0 for all z E E,. So, 
since x - T,x E E, for all c E G, we have 
(x-T,,x,y*)=pt(x-T1x,y*)=O. 
This is a contradiction. Hence, x - T, x for all x E E are contained in E, . 
Therefore we have that T,,,x - T,x = TJx - T,,x) converge strongly to 0 
for all x E E. This completes the proof. 
By using Theorem 2, we can obtain the following corollary. 
COROLLARY 2. Let E be a real Banach space and T be a linear operator 
of E into itself such that there exists a constant C with 11 T” 11 < C for 
n = 1, 2,..., and T is weakly completely continuous, i.e, T maps the closed unit 
ball of E into a weakly compact subset of E. Then, there exists a projection Q 
of E onto the set F(T) of all fixed points of T such that 11 Qll< C, the Cesaro 
means S,x = (l/n) Cz=, Tkx converge strongly to Qx for each x E E, and 
TQ=QT=Q. 
Proof. Let x E E. Then, since {T”x : n = 1,2,...) = T({T”-‘x : n = 
1, 2,...}) c T(B(0, llxll . (C + l))), where B(x, r) means the closed ball with 
center x and radius r, the weak closure of {T”x : n = 1,2,...} is weakly 
compact. On the other hand, let G = { 1,2, 3,...} with the discrete topology 
and p” be a mean on G such that p”(f) = XI= I (l/n)f (i) for each f E m(G). 
Then, it is obvious that 11,~” - rfp” II < 2k/n --t 0 for all k E G. So, it follows 
from Theorem 2 that Corollary 2 is true. 
If G = [0, co) with the natural topology, then we obtain the corresponding 
result. 
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COROLLARY 3. Let E be a real Banach space and { Tt : t E [0, oo)} be a 
family of linear operators of E into itsefsatisfying the assumption (A). Then, 
there exists a projection Q of E onto F(G) such that IIQll < C, 
(l/7’) lr T,x dt converge strongly to Qx for each x E E, and Tt Q = QT, = Q 
for each t E (0, 00). 
Remark. (l/T’) j”T T,x dt are weak vector valued integrals with respect o 
means on G = [0, co). As in Section IV of Rod6 [5], we can also obtain the 
strong convergence of the sequences 
m 
(1 -r) 2 rkTkx, r--1 l- 
k=l 
and 
-“Ttx dt, L-+0+. 
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